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x"+y n = (x+y - y) n +y n 

= (x+y) n —n(x J ry) n - 1 y+...+n(x+y)y n -\ 

and since n is an odd prime, it follows that, if x n +y n is divisible by n, x+y 
is also divisible by n, and hence x n +y n is divisible by n*. From this follows 
directly the impossibility of the equation x n +y n —nz n when z is prime to n. 



AN INTERESTING CLASS OF MONOTONIC FUNCTIONS.* 



By ARTHUR R. SCHWEITZER, Chicago, Illinois. 



1. In the Rivista di Matematica, Vol. 2, p. 43, Professor Peano has 
defined the following monotonic function. Representing the variable a; of 
the interval (0, 1) by the seriesf 



+ - a k 



x— 2 — m>2, «*>1, 



then he defines 



+ ■» / a, \ » 

WW 



where the nk are integers > 2. In this paper the function of Peano is gener- 
alized in such a manner that a very large class of monotonic functions is ob- 
tained which includes other types than the preceding; also an explicit eval- 
uation of certain properties is given. 

2. As is well known,! every point ^ x < 1 can be represented by the 
series 

to" a k 

x== 2 W 

where 

Ilk—mi m % ...m,k m k >2. 

The point x has a unique representation when x=0 or x=l or x=r/s, where 
r and s are relatively prime and s is not a divisor of the product n k for any 
k. In all other points x is irrational, and therefore has a unique represen- 

*In this paper references will be made by notes to the following works: CI) Hobson's Theory of Functions of 
a Real Variable, Cambridge, 1907, (2) Jordan's Cours oV Analyse, Vol. I, (3) Chrystal's Algebra, These will be 
briefly referred to as "Hobson," "Jordan," and "Chrystal," respectively. 

tChrystal I, p. 165. Representing X by the radix fraction a, » 2 , "a. ..an... then we obtain t(x) by the suita- 
ble interpolation of zeros, e. g., «i, a 2 , a 3 ...0 <*"... 

tChrystal, pp. 165, 166. 



tation, or x is expressible by a finite number of terms and hence has a double 
representation. In the latter case x has the repetend zero ( 6 ) or the repe- 
tend (mt— 1) for an assigned A; (m k '—l). Accordingly, we denote the 
points of the interval (0, 1) by x—X/ and x=xi> , respectively. If x—X/ and 
x=Xi> we define x=x» . Thus we have the three sets of representations, 

Xt=[Xf], J!"<fr=[a;$], Xe = [»»]. 

Hence, in the well known notation of Cantor,* 

Xe=M{X f , X«), 

and P(Xt, X* ) is the set of representations of points admitting expression 
by an infinite radix fraction only. We denote further 

R(X,, X+)=M(X f , X*)-P{X,, X*), 

so that R(Xf, X$) is the set of representations of points expressible as a 
finite radix fraction. 

3. We proceed to define the functions f(x), <i>(x), #(x). If x=x/ we 
define 

Ax)= 3 rx-^r 

k=l u k 

where 

H' k =m\, m' s , ..., m'k, m'k>2, 

the numbers h are positive integers f 1, and 

mk<m'k, (m*-l) ft fm'i-l; 

also the numbers r* are positive. The function f(x) is then monotonicf if 
the numbers n form a non-increasing series. In an analogous manner we 



fc =i (w, +1) (m 2 +1)... (m*+l) 



define f(x) and #(x) corresponding to sc=a;*and x=xe . Thus f(x) and <£(a;) 
are single- valued, but #(x) is not. Denoting 

F=[f(x)l, *=[+(*)], ©=[%)], 



•Hobson, §114; G. Cantor, Matematische Annalen, 17, p. 355. 

tHobson, p. 245, §189. In verifying the argument of the text the reader is reauested to select from one of the 
numerous functions denned above a particular example, e. g.. 
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we have 



©=M(F, *), 



and corresponding to fi(Xt, X*) and R(X f , X+) we have P(F, #), R(F, #). 
As particular cases of the functions /(»), 4>(x), e (x) defined above, in addi- 
tion to the preceding function of Peano, we may mention the functions of 
G. Cantor, Matematische Annalen, 21, p. 590, and Liouville, Journal de Mat- 
ematica, 16, p. 133. 

4. In this, and the following sections, we derive explicitly some of the 
properties of /(*), <£(*), 8(x) which we know in advance exist* The num- 
bers /(a; ±0), <t>(x±0) are easily evaluated by a suitable selection of sequen- 
ces. We have, in any point 0<x <1. 

f(x o -0)=Hx o -0), 
/(* O +O)=0(x o +O). 

If #o is a point of R(X f , X* ) then 

/(a>.-0) =*(«„), 
Axo+0) =/(*.). 

If x is a point of $(X f , X* ) then 

/(a;„-0) =/(»«,), 
/(*o+0)=/(*o). 

Thus the functions f(x) and <l>(x) are discontinuous in every point express- 
ible as a finite radix fraction and continuous in every point expressible as an 
infinite radix fraction only. 

5. The set © of functional values 9(x) is nowhere dense and perfect, t 
Hence the Cantor content): of © is the difference between the length of the 
bounding interval and the sum of the point free intervals. For x on the set 
R(Xy, X*) we have 

f(x) — <*> (x) =r„. . Wr 5 r^.+ k - — jjr-^ , 



where 

f* 

fc=l u k 






•Jordan, §71. 
fHobson. §72. 
fflobson, §85. 



Since the number of these intervals is n^ u where n o =l, we easily find the 
sum of the point free intervals to be 

■* 77? • ■* Va+k. i r. TTr • • a **V+* T 1 I 

m=i L-* J m— i k=o m,j....mi i +k u 11 fc=i mv+i...m l t+k J 

_"t- (mi— l)h Limit n„ +<° (?»,»+* -l)k+» 

Hence the content of © is 



~ _Limit 7J M +r (m,»+*— l)k+* 

Thus, if w'jfc=m* mi ', m* > 2, the corresponding sets © have content zero; a sim- 
ilar result is obtained in the case of the Liouville and Cantor functions men- 
tioned above. Also © has content zero if the series ri+r 8 +r g + etc., is 
convergent. Again, if 



»V+*=l f 

m M+fe =(M+&+l) 2 -l, 
m'„+k=(^+k+l) s , 

the content of © is the infinite product 

f • $ • xf ••• 



which has a value different from zero. 

6. When © has content zero we can immediately rectify the curve of 
the function f(x) in the sense defined by Scheeff er, * Acta Mathematica, Vol. 
5, p. 59. We require thetotal discontinuity function of /(*), say &(x , x). 
This function has for a; < » < 1 the value given by the sum of the point free 
intervals of the subset of © contained in the closed interval [f(x ), <*(#)], 
plus the discontinuities of f(x) and <l>(x) in the points x , x. We have 

•Jordan, p. 90 and following. 
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n{x 0>x )=lHx)-f(xo)] + lf(xo)-Hxo)] + [Ax)-Hx)-]=m-Hxo). 
Hence f{x)—&(x , x)=<l>(x ). 

Corresponding to the closed interval (x , x x ) the length of the function f(x) 
—£2(x , x) is a;, — aj and hence the length of the curve of f(x) for this in- 
terval is 

L=Xi —x +/(*,)- ^ (x ) . 
7. Finally, we determine the integral* 

J f(x)dx. 

•' o 

We divide the interval (0, 1) into n v equal parts. Then every partition point 
assumes the form 

x =i -^ 

and conversely, every radix fraction so expressible is a partition point. De- 
noting the length of the interval whose first point is x. «,«,...«„ by *.«,«,...«„ we 
obtain, 

J f(x)dX= v ™]_ ao 2f(x.e 1 e,...e v ) <*.«,«,...*„ 

_Limit _ \ efi_ 1 
u =+°°CefUti r ** /T.-I7. ' 

Now the complete set of partition points (0 included, 1 excluded) may be 
divided into n v / mk sets, each set being of the type 

Hence in the complete set of partition points, e k assumes the sequence of 
values 

0, 1, ..., m*— 1 

•Hobson, §225. 



precisely IL / m,h times. Hence 



Limit • r* 1 27. "t" 1 ,, 
u — + 00 /i ; =i 22* 22* m k *=i 



_ + £ n lfa +2fa +. . . + (m*— 1) fa 
fc=i m*' m'i m' 2 ...m'k 



For example, let 



1°. fc=l, r*=l, m*=10, m'*=10 5 . 
Then 

I f(x)dx=4s. 
J o 

2°. 4=2, r*=l, m*=10, m'*=10 2 . 
Then 

^ o 

Peano, he. tit., gives as the values of these integrals yfr and T tt» 
respectively. 

8. In conclusion, I wish to thank Professor E. H. Moore for valuable 
suggestions in the preparation of this paper. 

Note.— We regret to say that the copy of this article was lost in the mails on its transit to the author. In or- 
der to avoid longer delay of this number we undertook the proof reading of the article without the manuscript. 
Such errors as have escaped will be pointed out in a future issue. Ed. F. 



